Descent obstruction and fundamental exact 

sequence 

(^ ■ David Harari and Jakob Stix 

(N 
>^: May 26, 2010 

^ ! Introduction 

Let /c be a field of cliaracteristic zero witli algebraic closure k and absolute 

O : Galois gioup r. := Gal (k/k). Let X be a gLmetrically connected variety 

"^ ' over k. Fix a geometric point x G X{k) and let vri(X) := vri(X, x) be the etale 

^ ■ fundamental group of X. Set X = X x^ A; and denote by vri(X) := 7ri(X, x) 

cd . the etale fundamental group of X. Recall Grothendieck's fundamental exact 

sequence of profinite groups, cf. [8] IX Thm 6.1, 

(N : 1 ^ TTiiX) -^ 7ri(X) ^Tk^l. (1) 

> 

Q ' By covariant functoriality of tti, the existence of a fc-point on X implies that 

cn ■ the exact sequence (1) has a section. Grothendieck's section conjecture pre- 

dicts that the converse statement is true whenever X is a proper^ hyperbolic 
curve over a number field, see [7], (and there is also a p-adic version of this 

O ! conjecture). 

The goal of this note is to relate the existence of a section for (1) when k 
is a number field to the fact that X has an adelic point for which there is no 

^ . descent obstruction (in the sense of [23] II section 5.3) associated to torsors 

under finite group schemes, see Theorem 2.1. 

We will also prove related statements over arbitrary fields, so that the 
reader can distinguish between purely formal results and results related to 
arithmetic properties. 

Since we want to deal with variants of the exact sequence (1), for example 
the abelianized fundamental exact sequence, we need to introduce a general 
setting as follows. Let U < 7ri(X) be a closed subgroup which is a normal 
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""^There is also a version of the section conjecture for afiine hyperbolic curves when 
A;-rational cusps need to be considered as well, see [7] page 8/9. 



subgroup in 7ri(X). For example U could be a characteristic subgroup in 
7ri(X) of which there are plenty, because vri(X) is finitely generated as a 
profinite group. We set A = 7ii{X)/U. The pushout of (1) by the canonical 
surjection 7ri(X) -^ A is the exact sequence 

1 ^ A -> Trf (X) -> Tfc -> 1, (2) 

that can be defined because U is also normal in 7ri(X) and in particular by 
definition the kernel of the induced quotient map vri(X) — )■ vrf (X). This 
construction contains as special cases for A the profinite abelianized group 
7ri(X)'^'^ if we take for U the closure of the derived subgroup of tti{X), and 
A = vri(X) if we take for U the trivial group. 

Let {ki)i^i be a family of field extensions of k. The guiding example is 
the case of a number field k together with the family of all completions k^ 
of /c, or of all corresponding henselizations^ k^ oi k. Fix an algebraic closure 
ki of ki and embeddings k — )■ ki, so that with Fj := Gal {ki/ki) we have 
canonical restriction maps ^j : Fj — > F^. Moreover, the embedding k ^ ki 
yields canonically a geometric point Xj oi Xi := X x^ ki, that projects onto 
X, and thus a canonical map 7ri(Xj, Xj) — )■ vri(X, x). The reason for assuming 
characteristic zero in the first place is that by the comparison theorem (cf. 
[22], p. 186, Remark 5.7.8.), the natural maps induce an isomorphism 

'Ki{Xi,Xi) ^ 7ri(X,x) y^Tk Tj- 

Thus a section s of (1) induces canonically a section Si of the analogue of (1) 
for the /cj- variety Xj. In this formal setting the main goal of this note is to 
establish a criterion inspired by the descent obstruction for when a collection 
of sections (sj)jg/ comes from a section s up to conjugation from 7ri(X). 



Reminder on nonabelian H 
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Recall that if G is a finite /c-group scheme, then the etale cohomology set 
H^(X, G) is the same as the Galois cohomology set H^(7ri(X), G(A;)), where 
the action of vri(X) on G{k) is induced by the projection map vri(X) — ;■ F^ 
that occurs in (1), cf. [S] XI §5. 

The identification is natural in both X and G, although for a map Y ^ X 
the induced map TiiiY) — > vri(X) is only well defined up to inner auto- 
morphism by an element of 7ri(X). In fact, such an inner automorphism 
acts as the identity on H^(7ri(X),G) by the following reasoning. Recall 



^By convention if ky is an archimedean completion of fc, the henselization /c^' means 
the algebraic closure of k into ku ■ 



that in general ii ip = 7(— )7~^ is an inner automorphism of a profinite 
group TT by an element 7 G vr and M is a discrete vr-group, then the map 
(V9*,7"^) : H^(7r, M) -^ H^(7r, M) which is the composite 

H^(7r, M) A H^(7r, ip*M) ^ R\ti, M), 

that exploits the vr-map "multiplication by 7~^" : ip*M — )■ M and which on 
cocycles is given by 

(cr h^ a^) h^ (cr t-^ 7-^(a^^^-i)) 

is the identity map. This is classical when M is abelian, see [18], VII. 5. 
Proposition 3, and easy to check in the general case by the same direct 
computation: 

7"^(a^^^-i) = 7"^(a^)a^^-i = 7"^(a^)a^o-(7"^(a^)), (3) 

which shows that (cr 1— )■ a^) is indeed cohomologous to cr i-> 7~^(a^o-^-i). In 
our geometric example the element 7 G vri(X) acts trivially on the coefficients 
M = G(k) such that ((/)*, 7"^) becomes simply the pullback by conjugation 
with 7, which therefore acts as identity on }i^{7ri{X),G{k)). 

The etale cohomology set H^(X, G) for G := G x^k is naturally the set 
B.oTn°^^{7ii{X),G(k)) of continuous homomorphisms 7ri(X) — >• G{k) up to 
conjugation by an element of G{k), see [19] 1.5. 

The following well known interpretation of H^(r,G) will become useful 
later. Let 

1 ^G^^^f ^ 1 

be short exact sequence of profinite groups, and let (^ : F — t- F be a continu- 
ous homomorphism. The set of lifts (p : T ^ E oilp up to conjugation by an 
element of G is either empty or, with the group G equipped with the conju- 
gation action of F via a choice of lift (foj in bijection with the corresponding 
H^(F, G). Indeed for a cocycle a : F — ?• G the twist of yjo by a = (7 H- a^), 
i.e. the map 

7 H- a^ ■ (poil), 

is another lift. Any other lift of Tp can be described by such a twist. Two 
cocycles are cohomologous if and only if they lead to conjugate lifts. The 
description of lifts via H^(F, G) is natural with respect to both F and G. 



1. Results over arbitrary fields 

The notation and assumptions in this whole section are as above. In partic- 
ular we consider the exact sequence (2) associated to a quotient A of vri(X) 
by a subgroup U that remains normal in 7ri(X). 

For each i & I, let cxj : Fj -> 7Ti{Xi,Xi) be a section of the fundamental 
sequence associated to Xi. For example at could be the section associated to 
a ki-point Pi G X{ki). By composition we obtain a section map 

Si-.T,^ 7ri(X,) ^ 7ri(X) ^ vrf (X). 

Let G be a finite fc-group scheme, hence G{k) is a finite discrete F^-group. 
Via 6*4 : Fj — )■ F^ we may view G{k) = 9*G{k) also as a discrete Fj-group 
that describes the base change G x^ki. 

A cohomology class a G H^ (X, G) such that the corresponding element 
a G H^(X, G) has trivial restriction to f/, has an evaluation a(si) G H^(A;t, G) 
as follows. By the restriction-inflation sequence the class a uniquely comes 
from H^(7rf (X), G(fc)) and so the pullback class a{si) := s*{a) G H^(/cj,G) 
is defined. Note that the coefficients G here are indeed the group G{k) with 
Fj action induced by 6i because Sj comes from a section ai. By formula (3) 
the evaluation does only depend on Sj up to conjugation by an element of 
7rf (X) with trivial action on G{k). 

By analogy with [:'()], Definition 5.2., we say that the tuple of section 
maps {si)i(zj survives every finite descent obstruction if the following 
holds. 

(a) For every finite fc-group scheme G and every a G H^(X, G) such that 
the corresponding element a G H^(X,G) has trivial restriction to U, 
the family (a(sj)) G Hie/ ■^^(^«' ^) belongs to the diagonal image of 
R\k,G). 

Clearly, if the sections Sj are the sections associated to fcj-rational points, 
then (sj) survives every finite descent obstruction if and only if the collection 
(Pj) of rational points survives every finite descent obstruction in the sense 
of [20]. We furthermore say that the tuple of section maps (sj)jg/ survives 
every finite constant descent obstruction if the following holds. 

(a') For every finite constant A;-group scheme G and every a G H^(X, G) 
such that the corresponding element a G H^(X,G) has trivial restric- 
tion to U, the family (a(sj)) G Yliei^^i^i^^) belongs to the diagonal 
image of H^(/c,G). 



We first establish a link to continuous homomorphisms F^ — )■ 7rf (X). Let 
us define a continuous quotient of a profinite group as a quotient by a 
normal and closed subgroup. 

Proposition 1.1 Consider the following assertion: 

(b) There exists a continuous homomorphism s : F^ — )■ 7rj^(X) such that 
for each i E I , we have Si = s o 9^ up to conjugation in 7r^(X). 

Then (h) implies property (a'). If we assume further that the following hy- 
pothesis holds: 

(*) For every finite and constant k-group scheme G, the fibres of the diag- 
onal map H^(/c,G) — )■ Yliei^^i^i^^) are finite. 

Then (b) is equivalent to property (a'). 

Proof: Assume (b). Let G and a e Y{^{X,G) = Hom°"*(7ri(X), G(^)) be 
as in property (a'). Since the restriction of a to t/ is trivial, the class a 
corresponds to a map a : vrf (X) — )■ G{k) up to conjugation in G{k). We get 

a{si) =aosi = aoso9i = 9*{a{s)) 

up to conjugation in G(k), so that (a(sj)) is the image of a{s) G B.^{k,G) 
under the diagonal map, whence property (a'). 

Suppose now that assertion (a') and the additional hypothesis (*) hold. 
We are going to show that (b) holds as well. For a finite continuous quotient 
p : ir^lX) — 7- G we consider the set 

Sg := {s' G Hom(Ffc,G) ; V^ G /, 9:{s')=pos, G }i\k„G)}, 

where we view G as a constant /c-group scheme. The set So is non empty by 
assumption (a') and finite thanks to (*) and to the finiteness of G. Therefore 
lim Sg where G ranges over all finite continuous quotients of 7r^(X) is not 
empty, see [1] Chapter I §9.6 Proposition 8. An element s G lim Sq is 
nothing but a continuous homomorphism 



s:Ffe^l^G = 7rf(X) 



G 

such that for every i E I, and every finite continuous quotient p : 7tY{X) — )■ G 
the equality p o s o 9i = p o Si holds up to conjugation by elements from the 
finite set 

Gi^G = {ceG, p o s o 9i = c{p o Si)c~^} c G 

The set Um Gi^c is not empty by the same argument, which implies that for 
each 2 G /, we have s o 9i = Si up to conjugation in 7r^(X). D 



Remark: (1) Without additional assumptions, we cannot force the supple- 
mentary property that s is a section. Indeed, take ki = k for every i E I. 
Then all sets H^(/ci, G) are trivial, hence the condition (a) and thus condition 
(a') is automatically satisfied. Although condition (b) also holds trivially by 
the choice of the trivial homomorphism, because there is no interpolation 
property to be satisfied, nevertheless (2) does not always admit a section, see 
for example [25] or [11] for counterexamples over local and global fields. 

(2) For an example with a nontrivial homomorphism s : F^ — )■ vri(X) but 
no section we consider the case A; = M, fcj = C and a real Godeaux-Serre 
variety. Computations with SAGE show that the homogenous equations 

zl + zl + zl + zl + zl + zl + zl = 

Z0Z2 + Z1Z3 + zl + Z^Zq = 

iiz^,-zf) + 3tizl-zl)-2zl = 

i{zoZi + Z2Z3) + 2:42:5 + 2526 + 2624 = 

define a smooth surface Y of general type in P^ with ample canonical bundle 
uy = 0{1)\y as computed by the adjunction formula. By the Lefschetz 
theorem on hyperplane sections Y is simply connected. The surface Y is 
preserved by the Fjj-semilinear action of G = Z/4Z on P^ generated by 

[20 : 2i : 22 : 23 : 24 : 25 : Zq] i— )■ [— % : Zq : — ^3 : Z2 '■ Z4 : z^ : Zq], 

and avoids the fixed point set of the G-action. Hence the quotient map 
y — !■ X = Y/G is the universal cover of the geometrically connected M- 
variety X with 7ri(X) = Z/4Z. The analogue of (1) for X is given by 

1 -^ 7ri(X Xk C) -^ Z/4Z ^ Fm ^ 1 

which clearly does not admit sections. Nevertheless, there is a nontrivial 
homomorphism F^ — > 7ri(X). 

However, if we suppose that (2) has a section, then we can prove the 
following stronger approximation result. 

Proposition 1.2 Consider the following assertion: 

(c) There exists a section s : F^ — )■ vrf (X) of (2) such that for each i E I, 
we have Si = s o Qi up to conjugation in A. 

Then (c) implies (a) which implies the following (a"). 



(a") For every finite k-group scheme G and every a G H^(X, G) such that 
the corresponding element a G B.^{X,G) has trivial restriction to U 
and is surjective (or equivalently, the G-torsor Y -^ X corresponding 
to a is assumed to be geometrically connected) , the family (a(sj)) G 
Y[i^iii^{ki,G) belongs to the diagonal image ofB.^{k,G). 

If we moreover assume that (*) holds and that the exact sequence (2) admits 
a section sq, then the properties (a), (a") and (c) are all equivalent. 

Proof: The implications (c) ^ (a) ^ (a" ) are obvious because by formula 
(3) a section s as in (c) implies for every a G H^(X, G) as in (a) that 

a{s,) = s*{a) = {s o e{)*{a) = e*{s*{a)). 

It remains to show that (a") ^ (c) under the additional assumption of (*) 
and the existence of a section sq of 7r^(X) — > F^. The method is similar to 
[21], Lemma 9.13, which deals with the case when fc is a number field and 
(fcj) is the family of its completions for miscellaneous A, like A = vri(X) or 
A = Tif^lX). For the convenience of the reader we give a grouptheoretic 
version of the argument. 

Let us assume (a"). Let V < vri(X) be an open subgroup of finite index 
containing U and normal in 7ri(X). Let Ay be the quotient 7ri(X)/y and let 
Pv '■ 7rf (X) -» 7tY{X) be the corresponding quotient map. The composition 
^o,v = Pv ° Sq splits the exact sequence (2) for V 

l^Av^7T^iX)^Tk^l, (4) 

so that 7iY{X) is isomorphic to a semi-direct product. The map pv and 

Po,v : <(X) -> F, ^^ vr^X) 

lift the natural projection 7rf (X) — )■ F^. Their difference 7 1— )■ Pv{l)po,v{l)~^ 
is a cohomology class ay G B.^ {'ii\' {X) , Ay) , with vrf (X) acting via poy and 
conjugation, that corresponds to a class in H^(X, Ay) which becomes trivial 
when restricted to U. The restriction of ay to vri(X) equals the surjective 
map PvIttUx) • ^i(^) ~^ ^v, hence is geometrically connected. 

We now apply (a") to the class ay. The class ay{si) = s*{ay) measures 
the difference between py o Si and poy o Si = Soy o 9i. Twisting soy by 
a class in B.^{k,Ay) that diagonally maps to (ay(sj)) we obtain a section 
sy : Ffc — )■ 7r]^(X) such that sy o 9i equals py o Sj up to conjugation in Ay. 

Assumption (*) now implies that the set of such sections sy is finite. 
Again by [1] Chapter I §9.6 Proposition 8, there is a compatible family of 



sections (sy) in the projective limit over all possible V, which defines a section 

V 

such that s o 6^^ = Sj up to conjugation in A by the projective limit argument 
as in the proof of Proposition 1.1. This completes the proof of (c). n 

Remark: It is worth noting that the additional assumption that (2) has a 
section allows us to find a genuine section s that "interpolates" the Sj up to 
conjugation even in A, and not merely a homomorphism or interpolation up 
to conjugation in vrf (X). 

We can prove more under the additional assumption of the collection of 
fields (fcj) being arithmetically sufficiently rich in a sense to be made precise 
as follows. Consider the following property. 



(**) The union of the conjugates of all the images Fj — )■ r^ is dense in F 



k- 



Lemma 1.3 Property (**) is inherited hy finite extensions k'/k with respect 
to the set of all composita ki ■ k' . 

Proof: For any o" G Fj^ let k'- ^ be the field extension of ki associated to the 
preimage F^^ = 6'j~^(a^^Ffc/0") in Fj, namely the compositum kia~^{k') in ki 
using the fixed embedding a~^{k') G k G ki that yields ftj. The inclusion 
k' G k'i^ induces the map 9'i ^ = cr(— )cr^^ o 9i : T'^^ ^ Tk'. 

The union of the conjugates of the images of all O'i^ is dense in F^/, 
saying that property (**) is inherited for finite field extensions k'/k for the 
new family of fields {k'i^). Indeed, we have to show that 



surjects onto cofinally any finite continuous quotient of F^/. It is enough to 
treat quotients po : Ffc/ — ;• Go with ker(po) normal in F^, i.e, the map po 
extends to a finite continuous quotient p : F^ — > G. Then 

Po[{\JcTT,a-'^nTk') =p(^\JaT,a~'^nGo = Go 

by property (**). D 

Lemma 1.4 Property (**) implies property (*). 



Proof: To prove (*) we consider a finite /c-group G and a G H^(A;,G). We 
need to show that the following set is finite: 

m„ = {/3 e Hi(A;,G) ; ^*(/3) = a*(a) G Hi(A;i,G) for all z G /}. 

By the technique of twisting, see [19] I §5.4, we may assume that a is the 
trivial class in H^(A;, G). Let k' /k be a finite Galois extension that trivialises 
G. With the notation as in Lemma 1.3, the commutative diagram 

B^{k,G) ^^ YL\k',G) 



}l\h,G) ^^ B.\k[^^,G) 

shows that under restriction LQ ^ maps into 

nitriviai = {X e Hom°^^*(rfc,, G)- x^ ^- . = l for all z, a] 

which contains only the trivial class due to property (**) and Lemma 1.3. 
Hence, due to the nonabelian inflation-restriction sequence, LQ „ is contained 
in YV- {GaX {k' /k),G{k')) which is a flnite set. n 

Proposition 1.5 Under the assumption of (**) the properties (a) and (c) 
are equivalent. 

Proof: By Lemma 1.4 we also have assumption (*). By Proposition 1.2 it 
suffices to show that under assumption (a) the map ttY{X) — )■ r^ admits a 
section. As (a) trivially implies (a') we may use Proposition 1.1 to deduce (b), 
so that we have found at least a continuous homomorphism u : F^ — )■ 7r[^(X) 
such that for all z G / we have Sj = m o 6*4 up to conjugation in 7r[^(X). Let 
(/9 : Ffc — )■ Ffc be the composition of u with the projection p : 7rj^(X) — )■ F^. 
To find a section sq of (2) and thus to complete the proof of Proposition 1.5, 
it suffices to prove that if is bijective because we can then take sq = uo (p~^. 
We have 

ip o 9i = p o {u o Oi) = p o Si = 9i 

up to conjugation in F^. Thus for every 7 G Ui Uggr. fi'^j(-'^«)5'~^ ^^^ image 
^9(7) is conjugate to 7 in F^. By assumption (**) the set IJ^ IJger 9^i(Xi)9~^ 
is dense in F^ so that ip preserves every conjugacy class of F^. by continuity 
and compactness of F^. In particular if is injective. 

In every flnite quotient Tk — ?■ G the image of </?(Ffc) is a subgroup H < G 
such that the union of the conjugates of H covers G. An old argument that 
goes back to at least Jordan, namely the estimate 

|G| = I U gHg-'\ < (G : H) ■ i\H\ - I) + I = \G\ - (G : H) + 1 < |G|, 

geG/H 
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shows that necessarily H = G. Thus ip is also surjective. n 

Remarks: (1) The isomorphism ^p that occurs in the proof of Proposi- 
tion 1.5 preserves conjugacy classes of elements, hence is of a very special 
type which is much studied by group theorists. 

(2) In the case of a number field, every automorphism of F^ is induced by 
an automorphism of /c by a theorem of Neukirch, Uchida and Iwasawa, see 
[16], and there are also famous extensions of this result by Pop to function 
fields. In particular every automorphism of Pq is an inner automorphism. 

Proposition 1.6 Under the assumption of (**) the properties (h) and (c) 
are equivalent. 

Proof: Clearly (c) implies (b). For the converse let tt : P^ — ;■ vrf (X) be 
a homomorphism as in (b), so that there are 7, G ttY{X) with u o 9^ = 
li{~)li^ o Si for all i E I. With the natural projection p : vrf (X) -^ P^ 
the proof of Proposition 1.5 says that the homomorphism ip = p o u i^ an 
isomorphism, so that s = uo (p~^ is a section. With p{'~fi) := (Tj we compute 

ipo9i=pouo9i=po (7j(-)7,~^) osi = o-i(-)cr,~^ o 9i, 

since Sj is a section and thus p o st = 9i. Applying ip~^ to both sides yields 
with Tj = (p~^{a^^) the equation 

T,{-X"'o9, = y^-'o9,. 

Now the section s interpolates the following 

so9i = uo if-^ o9i = uo (ri(-)rr^) o Oi = {u{Ti){-)u{Ti)~'^) quo 9.; 

= {u{T-;){-)u{nV) o (7.(-)7r') ° ^. = ((t.(7:.)7.)(-)(«(r.)7.)-^) o.., 

and because of 

p{u{Ti)-ii) = (p{Ti)p{-fi) = ar^Gi = 1 

we find that s actually satisfies the stronger interpolation property of (c). n 

Corollary 1.7 Under the assumption of (**) the properties (a), (a'), (b) 
and (c) are equivalent to each other and to (a") together with the existence 
of section. 

Proof: This follows immediately by Proposition 1.5, Proposition 1.6, Lemma 1.4, 
Proposition 1.1, and Proposition 1.2. n 
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2. Results over number fields 

From now on we assume that A; is a number field. We still consider the exact 
sequence (2) 

1 ^ A ^ < (X) ^ Tfc ^ 1 

as above. Let k^ be the completion of fc at a place v oi k. A choice of 
embeddings k ^ ky oi the respective algebraic closures identifies the absolute 
Galois group Ty = Gal (ky/ky) of ky with the decomposition subgroup of v, or 
more precisely the place of k above v corresponding to the embeding k ^ ky. 
Hence the map 6y : Ty ^ T^ as defined in the introduction is injective. 

Theorem 2.1 Let S be a set of places ofk of Dirichlet density 0, for example 
a finite set of places. Assume that X{ky) ^ for v ^ S. For each v ^ S, 
let Sy : Ty ^ 7i'^{X) be the section map associated to a ky-rational point 

Pv^Xiky). 

Then the following assertions are equivalent. 

(i) For every finite k-group scheme G and every a G B.^{X, G) such that a 
has trivial restriction to U , the family {a{Py)) belongs to the diagonal 
image ofB.^{k,G) m fl^^^ H-'^(A;^, G). 

(i') For every finite constant k-group scheme G and every a G B.^{X,G) 
such that a has trivial restriction to U, the family {a{Py)) belongs to 
the diagonal image o/H^(A;,G) in Ylvi^s^^i^^^^)- 

(i") There is a section sq : T^ — )• vrf (X) and for every finite k-group scheme 
G and every a G B.^{X,G) such that a restricts trivially to U and the 
associated G-torsor on X is geometrically connected, the family {a{Py)) 
belongs to the diagonal image ofB.^{k,G) in Ylyds^^{kv,G). 

(a) There exists a homomorphism s : Tk ^ n^{X) of (2) such that for 
each V ^ S , we have Sy = s o 6y up to conjugation in 7r[^(X). 

(Hi) There exists a section s : F^ — )■ vrf (X) of (2) such that for each v ^ S , 
we have Sy = s o 6y up to conjugation in A, i. e, the sections Sy come 
from a global section s. 

Proof: This is merely a translation of Corollary 1.7 into the number field 
setting, once we notice that assertion (**) follows immediately from Cheb- 
otarev's density theorem. n 
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Remarks: (1) For U trivial, we have 7t\'{X) = 7ri(X) and assertion (i) 
means in the language of [20], Definition 5.2, that the family (P„) survives 
every X-torsor under a finite group scheme G/k, while assertion (i') says that 
(Py) survives every X-torsor under a finite constant group scheme. By (i") 
this is equivalent to the existence of a section'^ together with (P^,) surviving 
every geometrically connected X-torsor under a finite group scheme. 

(2) Even when X{k) ^ 0, it is not sufficient to demand in (i") that (Py) 
survives every geometrically connected torsor under a finite and constant 
group scheme to deduce that (P^,) satisfies the equivalent properties of The- 
orem 2.1. Take for example /c = Q and X such that vri(X) = /is with the 
corresponding Galois action. Such examples arise among varieties of gen- 
eral type. Then the only G-torsor over X with G finite constant and Y 
geometrically connected is X with trivial group G. Nevertheless, there is a 
geometrically connected torsor Y ^ X under /is, and certain families (P^,) 
do not survive F, see [9], Remark after Corollary 2.4. 

(3) An interesting case is when V is the closure of the derived subgroup of 
7ri(X), so that A = 7ri(X)/[/ is just the abelianized profinite group nf'^X). 
Then the section s in assertion (iii) corresponds to a section of the geomet- 
rically abelianized fundamental exact sequence 

1 ^ vrf (X) ^ Trf (X) ^ Tfc ^ 1. 

Then assertion (i) means that the family (P^,) survives every X-torsor Y 
under a finite group scheme G such that Y ^ X has abelian geometric 
monodromy, that is: such that the image of the homomorphism vri(X) — t- G 
associated to F — )■ X is an abelian group. Similar statements hold for abelian 
replaced by solvable or nilpotent taking for A the maximal prosolvable or 
pronilpotent quotient of 7ri(X). 

(4) The analogue of Theorem 2.1 holds with the same proof if we replace 
the family of completions (ky) by the corresponding henselizations (k^), sim- 
ply because the assertions only depend on the associated sections and the 
canonical map r^^ — ;■ F^h is an isomorphism. 



3. "Abelian" applications 

Let khe a number field. Denote by Qk the set of all places of k. For a smooth 
and projective fc-variety X its Brauer— Manin set is the subset X(Ak)^'^ 
of n?;en. ^i^v) consisting of those adelic points that are orthogonal to the 
Brauer group for the Brauer-Manin pairing, cf. [23], II. Chapter 5. 



^Thanks to M. Stoll for pointing out the importance of this condition. 
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The following corollary is a consequence of the implication (iii) =^ (i) in 
Theorem 2.1. Similar results had already been observed independently (at 
least) by J-L. Colliot-Thelene, O. Wittenberg and the second author. 

Corollary 3.1 Let X be a smooth, projective, geometrically connected curve 
over a number field k. Assume that the abelianized fundamental exact se- 
quence 

1 -^ 7rf (X) ^ n ^ Tfc ^ 1 

has a section s, such that for each v & Qk the corresponding section Sy is 
induced by a k^-point Py of X . Then (Py) e X{A-k)^^ . 

Proof: We take for U the closure of the derived subgroup of 7ri(X) in 
Theorem 2.1. Then (Py) satisfies condition (iii) of Theorem 2.1, hence by (i) 
it survives every X-torsor with abelian geometric monodromy under a finite 
/c-group G. In particular, the adelic point (Py) survives any X-torsor under 
a finite abelian group scheme. It remains to apply [20], Corollary 7.3. n 

Remarks: (1) Let X be a smooth projective curve of genus 0. Then the 
assumption of Corollary 3.1 seems vacuous as vri(X) = 1 and there is a 
section with no arithmetic content. But we also assume the existence of an 
adelic point, whence the curve X has fc-rational points by the classical Hasse 
local-global principle for quadratic forms. Moreover, any adelic point on 
X = ¥1 satisfies the Brauer-Manin obstruction because Br (k) = Br (P^). 

(2) Let X be a smooth projective curve of genus 1 as in Corollary 3.1 with 
Jacobian E. Then X corresponds to an element [X] in the Tate-Shafarevich 
group in (E/k). The existence of an adelic point which survives the Brauer- 
Manin obstruction then implies by [23] Theorem 6.2.3 that [X] belongs to 
the maximal divisible subgroup of UI{E/k), which also follows from [11] 
Proposition 2.1. When UI{E/k) is finite as is conjecturally always the case, 
then the curve X has a fc-rational point and is actually an elliptic curve E. 

Theorem 3.2 Let X be a smooth, projective and geometrically connected 
curve over a number field k. Assume that the birational fundamental exact 
sequence 

I ^ rs(x) ^ rfc(x) -> Lfc ^ 1 (5) 

has a section. Then X(Ak)^'' 7^ 0. // we assume further that the Jacobian 
variety of X has finitely many rational points and finite Tate-Shafarevich 
group, then X{k) 7^ 0. 

A "non-abelian" version of this theorem will be given in the next section 
(Theorem 4.2). 
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Proof: A section s : F^ — )■ ^k{x) of (5) induces'^ for every place v oi k a 
section s^ for the analogous sequence for k replaced by fc^. We follow an 
argument by Koenigsmann [13] Proposition 2.4 (1). 

The image of sjj defines a field extension L'^/k^{X) as the fixed field in 
the algebraic closure of k'^{X). Because the natural maps between absolute 
Galois groups 

are isomorphisms, the fields Ljj, /c^ and k^ are p-adically closed fields, see 
[12] Theorem 4.1, and thus L^ is an elementary extension of k'^, see [13] Fact 
2.2. In particular, the tautological L'^ point of X given by 

Spec(L;;) ^Speck'^{X)^X 

implies the existence of a /c^-point and thus a k^-pomt on X. 

The core of the following well-known limit argument goes back at least 
to Neukirch, and was introduced to anabelian geometry by Nakamura, while 
Tamagawa emphasized its significance to the section conjecture. We perform 
the limit argument by applying the above existence result to every connected 
branched cover X' ^ X (necessarily geometrically connected over k) with 
s(rfc) C Tk{x') C rfc(x). Thus the projective system \im X'{ky) over all 
such X' is a projective system of nonempty compact spaces, and is therefore 
itself nonempty by [1] Chapter I §9.6 Proposition 8. 

Let (P^) with P^ G X'{k^) be an element in the projective limit with 
lowest stage P^ G X{ky). It follows that the composition of the section 
sp, : Pfc^ -)■ Tk,(x) with the natural projection Tk,(^x) -^ ^kix) agrees with 
the f- local component s o 9^ for the original section s. We may now apply 
Corollary 3.1 to the composition 

Tfc -> ^k{x) -^ 7ri(X), 

which shows that the adelic point (P^,) of X is orthogonal to BrX for the 
Brauer-Manin pairing. 

Under the further assumptions that the Jacobian of X has finite Mordell- 
Weil group and finite Tate-Shafarevich group we now refer to [20] Corol- 
lary 8.1 (a fact that was observed before by Scharaschkin and Skorobogatov) 
to complete the proof of the theorem. 

D 



■*This would not be clear if we had replaced k by k^ instead of k^. Indeed the existence 
of a birational section is not a condition that is stable by extension of scalars; see [5], 
Remark 3.12(iii). 
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Remark: In [5] Theorem 2.1 H. Esnault and O. Wittenberg discuss a ge- 
ometrically abelian version of Theorem 3.2 with the result that an abelian 
birational section yields a divisor of degree 1 on X under the assumption of 
the Tate-Shafarevich group of the Jacobian of X being finite. 

We next describe an application towards the birational version of the sec- 
tion conjecture of Grothendieck's. Recall that for a geometrically connected 
/c- variety X a fc-rational point a G X{k) describes a 7ri(X)-conjugacy class 
of sections Sq of (1). In the birational setting the fc-rational point leads to 
the following. Define Z(l) as the inverse limit (over n) of the Ffc-modules 
fin{k)- Due to the characteristic zero assumption the decomposition group 
-Da of a G X{k) in Tk(x) is an extension 

1 ^ Z(l) ^Da^Tk^l (6) 

that splits for example by the choice of a uniformizer t at a and a compatible 
choice of n^'^ roots t^^^ of t. It follows that up to conjugacy by Z(l), the 
inertia group at a, we have a packet of sections of (6) with a free transitive 
action by the huge uncountable group 

H^()fc,Z(l)) = JimF/(F)". 

n 

It can be proven in at least two different ways that the map Da — )■ Tk(x) 
maps the Z(l)-conjugacy classes of sections of (6) injectively into the set of 
^^(x)" conjugacy classes of sections of (5), see for example [13] Section 1.4, or 
[24] Section 1.3 and Theorem 14+17, or [I]. 

The birational form of the section conjecture speculates that for a 
smooth, projective geometrically connected curve the map from /c-rational 
points to packets of sections of (5) is bijective and that there are no other 
sections of (5), see [13] Section 1.4+5. 

The following theorem is a corollary'^ of StoU's results [21] (Corollary 8.6 
and Theorem 9.18). 

Theorem 3.3 Let X be a smooth, projective and geometrically connected 
curve over k. If we assume that there is a nonconstant map X ^ A to 
an abelian variety A/k with finitely many k-rational points and finite Tate- 
Shafarevich group, then every section s of the birational fundamental exact 
sequence 

1 ^ n(x) ^ r,(x) ^ Tfc ^ 1 (7) 

is the section Sa associated to a k-rational point a G X{k). In other words, 
the birational section conjecture is true for such curves X/k. 



^Note however that in the proof of [21] Theorem 9.18, it is not explained why the 
existence of a birational section over k implies the same property over ky . 
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Proof: Let s be a section of (7), and let X' — > X be a finite branched cover, 
such that upon suitable choices of base points the image of s is contained in 

rfc(x') C Tk{x)- 

Then Theorem 3.2 shows that X'(Ak)^'' 7^ 0. Exploiting the finite map 
X' — )■ X — !■ A we may use [20] Theorem 8.6, to deduce X'{k) 7^ 0. Cofinally 
all such X' will have genus at least 2 so that X'{k) then is nonempty and 
finite by Faltings-Mordell [6] Satz 7. It follows that Ijm X'{k), where X' 
ranges over the system of all X' as above, is nonempty by [1] Chapter I §9.6 
Proposition 8. Let a G X(/c) be the projection to X{k) of an element of 
lim X'(/c), then the image of s is contained in the decomposition subgroup 
i^a C ^k{x) and s belongs to the packet of sections associated to the /c-rational 
point a. 

It remains to refer to the literature for the injectivity of the (birational) 
section conjecture, which was already known to Grothendieck [7], see for 
example [21] Appendix B. n 

Remarks: (1) By [11] every Jacobian Jo{p) of the modular curve Xo(p) 
for p = 11 or a prime p > 17 has a quotient, the Eisenstein quotient J [14] 
II (10.4), with finite Mordell-Weil group J(Q) and finite Tate-Shafarevich 
group in(J/Q). Consequently, every smooth, projective geometrically con- 
nected curve X over Q with a nonconstant map X — )■ Jo{p) for a prime p as 
above will satisfy Theorem 3.3 and thus the birational section conjecture will 
hold for such X with k = Q. Such curves exist for example as smooth iter- 
ated hypersurface sections in Jo{p) by hyperplanes of sufficiently high degree 
due to Bertini's Theorem. 

(2) A recent result of Mazur and Rubin, [15] Theorem 1.1, guarantees for 
any algebraic number field k the existence of infinitely many elliptic curves 
E/k with E{k) = 0. As conjecturally UI {E/k) is always finite, these elliptic 
curves and moreover their branched covers X ^ E can be used in Theo- 
rem 3.3 to at least conjecturally produce examples of the birational section 
conjecture over any algebraic number field. 

4. " Non-abelian" applications 

Theorem 4.1 Let X he a smooth, projective, geometrically connected curve 
over a number field k. Let {Py)^,^^^, he an adelic point of X that survives every 
X-torsor under a finite group scheme. Then (P^) survives every X-torsor 
under a linear group scheme. 
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Proof: We apply Theorem 2.1 in the case U = 0, A = 7ri(X). The hypoth- 
esis means that (P^) satisfies condition (i) of this Theorem, hence there is a 
section s : F^ — )■ vri(X) as in condition (iii). Let F — )■ X be a geometrically 
connected torsor under a finite group scheme. Using the section s, we can 
lift (P„) to an adelic point (Q^) on some twisted torsor F°" such that s take 
values in the subgroup 7ii{V) of 7ri(X). This means that (Q^) again satis- 
fies condition (iii) of Theorem 2.1. In particular Corollary 3.1 implies that 
(Qv) G F°"(Ak)^'^. So we have proved that for every geometrically connected 
torsor Y under a finite group scheme G, the adelic point (Py) can be lifted 
to an adelic point {Qv) G ^'^(Ak)^'^ for some twisted torsor y°". 

This still holds if Y is not assumed to be geometrically connected: indeed 
the assumption that there exists an adelic point of X surviving every X-torsor 
under a finite group scheme implies (by a result of StoU, see also [3], beginning 
of the proof of Lemma 3) that there exists a geometrically connected torsor 
Z — !■ X under a finite /c-group scheme F, a cocycle a G Z^{k,G), and a 
morphism F ^ G" such that Y" is obtained by pushout of the torsor Z. We 
conclude with the functoriality of the Brauer-Manin pairing. 

It remains to apply the main result of [3] to finish the proof, namely that 
the etale Brauer-Manin obstruction is a priori stronger than the descent 
obstruction imposed by linear algebraic groups. D 

Remarks: (1) The previous result does not hold in higher dimension. For 
example there are geometrically rational surfaces X, in particular '/ri(X) = 1, 
with X{k) 7^ 0, but such that some adelic points (fu) do not belong to 
X(Afc)^''. For an example with an intersection of two quadrics in P^ see 
[2], p. 3, Example a. By [23], Theorem 6.1.2 (a), such adehc points do not 
survive the universal torsors, which are those torsors under the Neron-Severi 
torus of X whose type in the sense of Colhot-Thelene and Sansuc's descent 
theory is an isomorphism, see [23], Definition 2.3.3. 

(2) Let X be a curve of genus at least 2 such that the fundamental exact 
sequence (1) has a section. If we knew the p-adic analogue of Grothendieck's 
section conjecture. Theorem 2.1 and Theorem 4.1 would yield the existence 
of an adelic point (P^) that survives every torsor under a linear /c-group 
scheme, which is a priori stronger than (P^) G X(Ak)^''. Recall that by 
[20], Corollary 8.1., the condition X(Ak)^'' ^ already implies X{k) 7^ if 
the Jacobian variety of X has finitely many rational points and finite Tate- 
Shafarevich group. 

The following result is the " non-abelian" version of Theorem 3.2. 
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Theorem 4.2 Let X be a smooth, projective and geometrically connected 
curve over a number field k. Assume that the birational fundamental exact 
sequence 

1 ^ ^Hx) ^ ^HX) -> Tfc ^ 1 (8) 

has a section. Then X contains an adelic point (P^) that survives every 
torsor under a linear k-group scheme. 

Proof: We proceed exactly as in the proof of Theorem 3.2, except that at 
the end we apply Theorem 2.1 instead of Corollary 3.1, so that we obtain 
that the adelic point (P^) oi X survives every torsor under a finite /c- group 
scheme, hence every torsor under a linear k-group scheme by Theorem 4.1. 

n 

Let ^k{x) ~^ '^h(x) ^^ ^^^ maximal pro-p quotient of ^k{x) ^^^ 

1 ^ n^ ^ ^Hx) ^ r. ^ 1 (9) 

the pushout of (5) by ^k{x) ~^ ^h(x)- With this exact sequence we can prove 
the following geometrically pro-p version of Theorem 4.2. 

Theorem 4.3 Let p be a prime number and let k be a number field that 
contains the p*^' root of unity. Let X be a smooth, projective and geometri- 
cally connected curve over k. Assume that the geometrically pro-p birational 
fundamental exact sequence 

1 ^ n^x) ^ ^HX) ^ r, ^ 1 

has a section. Then X contains an adelic point {P^) that survives every torsor 
under a finite k-group scheme with geometric monodromy a finite p-group. 



Proof: We start as in the proof of Theorem 3.2. The local sections s^ : 

k{X) 



Ffch — )■ ^yx) define liftable sections in the sense of [17], hence by [17] Theorem 



B 2) we obtain a rational point of X in an elementary extension of k^. We 
deduce that X{k^) is nonempty and conclude the proof by the same limit 
argument as in the proof of Theorem 3.2. n 
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